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Results of a parametric investigation on the failure of metallic strut lattices subjected to multi-axial loads are presented.
The study involves two microscopic parameters related to the geometry of struts: strut-level strengthening and slenderness
ratios. The strengthening procedure is designed such that minimum-strengthening represents the octetruss while maximum-
strengthening represents the three-dimensional Warren truss. This way, the eﬀects of both strut-level stretching and bend-
ing on the deformation responses together with coupled failure due to plastic yield and elastic buckling can be studied. The
evaluated theoretical failure envelopes that include microscopic global and localized failure compare well with the numer-
ical failure data obtained from ﬁnite element analysis. Among results, while the strengthening and slenderness ratios
expectedly inﬂuence the sizes and shapes of the failure surfaces, they also dramatically alter microscopic deformation
mechanisms leading to macroscopic failure.
 2005 Elsevier Ltd. All rights reserved.
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Space-ﬁllers have traditionally been used in architecture and civil engineering to construct large domes and
shelters (e.g. Fuller and Applewhite, 1975; Yokoo et al., 1971), and in aerospace engineering to build outer-
space systems such as orbiting spacecrafts and solar satellites (e.g. Davis, 1966). Space trusses are omni-direc-
tional in the way that they carry the applied loads and due to their polyhedra conﬁgurations, they mimic the
manner in which natural materials are constructed at the atomic level. Typically, the truss cells possess either
rotational or reﬂective symmetry which is a desirable characteristic for the development of mechanical models
as it results in isotropic or orthotropic behavior. The new idea in materials engineering is to miniaturize space-
ﬁlling systems to ﬁt within the traditional materials length scales thereby creating materials whose properties
can be directly manipulated to satisfy the ever-increasing demands of novel materials such as multi-function-
ality, smartness, and environmental responsibility.0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.12.001
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rials in weight-eﬃcient engineering systems as well as the need to save the material itself. Metallic foams and
honeycombs are considered for such applications; but metallic trusses are now being pursued because they
posses larger stiﬀness-to-density ratios (e.g. Wicks and Hutchinson, 2001; Evans et al., 2001). The main draw-
back of traditional cellular metals, particularly stochastic foams is that they are diﬃcult to model because they
are mainly anisotropic and exhibit wide scatter in their measured mechanical quantities due to foaming-
induced material property gradients (Doyoyo and Mohr, in press), and are therefore not always ideal for reli-
able designs. On the other hand, due to a more direct way in which truss structures are manufactured, they
may almost be immune from the data spread problem. However Zhou et al. (2004) and Sugimura (2004) have
reported deviations in mechanical properties in practical truss lattices. Certainly with improvements on fab-
rication techniques, this problem can be minimized. Another advantage of strut lattices is that irrespective of
the joint type, their methods of assembly are ﬂexible and can range from scaﬀolding where the material is
assembled in its actual location or form of usage or block manufacturing where the material is pre-assembled
and then utilized. Manufacturing ﬂexibility allows strut-based materials to be easily used in designs involving
complex geometries while eliminating the problem of forming. For more details about some of the fabrication
methods see Wallach and Gibson (2001), Sypeck and Wadley (2001) and Brittain et al. (2001).
In general, the deformation mode that dominates in a strut including stretching, bending, or twisting largely
depends on its end or boundary conditions. Among what we have learnt about low-density metallic honey-
combs is that energy absorption is sustained by the formation and propagation of plastic collapse bands in
shell microstructures (Mohr and Doyoyo, 2004). For thin plates, the loading precursors of this type of failure
mode are compression, bending, and twisting. That is, while stretching-dominated trusses are ideal for stiﬀness
applications, energy-absorption can be enhanced by using strut systems that deform predominantly by bend-
ing and twisting. As for stiﬀness-based designs, bending and twisting deformations in addition to the stretch-
ing deformation at the strut level can increase the shear strength. Previous investigations have largely focused
on stretching-dominated truss lattices. For example, the macroscopic stiﬀness of the octetruss has been derived
from the micromechanical analysis of strut-level stretching (Nayfeh and Hefzy, 1978). Macroscopic failure of
stretching-dominated truss structures has been investigated using strut-level analysis (Deshpande et al., 2001;
Hutchinson et al., 2003) and homogenization (Mohr, 2005) revealing the complex nature of failure modes. The
eﬀective stiﬀness of open-cell foams has typically been approximated by analyzing the mechanical response of
the tetrakaidecahedral cell whose eﬀective deformation resistance depends largely on microscopic bending and
twisting of constituting strut members (Warren and Kraynik, 1991; Zhu et al., 1997).
In this study, mechanical failure of strut-based structures that deform due to the combined strut-level
stretching and bending is investigated. Critical parameters involving the geometry of struts such as strut-level
strengthening and slenderness ratios are considered. Thus, we investigate the mechanical failure of strength-
ened strut-lattice materials composed of short and slender struts. The strengthening mechanism relies on con-
necting a cubic truss to an octetruss (Fuller, 1961) while gradually increasing the cross-sectional area of cubic
struts until a regular three-dimensional Warren truss (Lake, 1992) is obtained. The cubic truss deforms by the
combined stretching and bending of strut members (Janus-Michalska and Pecherski, 2003).
We view the strut-lattice material as a composite structure characterized by the microscopic strut-level
deformations within closely-packed representative strut cells. The struts are perfectly straight with uniform
cross-sections. The elastic constitutive model of the present material is readily derived by summing up micro-
scopic axial and bending stiﬀnesses of strut members in the space-ﬁlling unit cell. Finite element analysis is
used to observe the failure phenomenology and the theoretical failure surfaces are derived. The determined
failure surfaces compare well with numerical failure data.
2. Analysis
Two strut-lattice plates that are composed of perfectly straight short and slender struts, are shown schemat-
ically in Fig. 1 with respect to the Cartesian co-ordinate system; i = X, Y, Z. The lattice plates are constructed
by the successive packing of a three-dimensional Warren truss that is composed of an octetruss connected to a
cubic truss (see Fig. 2). The measure of shortness and slenderness of struts is established by comparing their
slenderness ratios k to the critical elastic buckling slenderness ratio ks. (Aside: The slenderness ratio is given by
Fig. 1. Truss plates composed of (a) short and (b) slender struts.
Fig. 2. The three-dimensional Warren truss composed of octetruss and cubic truss.
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ﬃﬃﬃﬃﬃﬃﬃﬃ
I=A
p
; where Leﬀ, I, and A are the eﬀective strut length, strut’s moment of inertia, and strut’s cross-
sectional area respectively. The eﬀective length depends on the strut’s boundary and loading conditions. The
critical buckling slenderness ratio is given by ks ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2Es
p
=rs; where Es and rs are the strut’s Young’s modulus
and longitudinal yield strength respectively.) Short struts have k < ks and in general fail due to plastic yield,
while slender struts have kP ks and fail largely due to elastic buckling or due to plastic yield in stress regimes
dominated by tensile loads. The perfectly straight struts in the spatially periodic medium are cylindrical in
shape with uniform cross-sections of radii acub and aoct for the cubic and octet lattices, respectively. Further,
the cross-sectional area of struts in the cubic lattice is gradually increased until it is the same as that of the
octet lattice. This deﬁnes the strengthening mechanism so that minimum-strengthening represents the octe-
truss material while maximum-strengthening represents the three-dimensional Warren truss material. The
strengthening ratio g is deﬁned as the cross-sectional area of struts in the cubic lattice divided by the cross-
sectional area of struts in the octet latticeg ¼ a
cub
aoct
 2
ð1Þ
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Four diﬀerent short strutted beams possessing the four diﬀerent strengthening ratios are shown in Fig. 3.
For the combined slender and short strutted lattice, only the strengthening parameters equal to g = 0, 0.25,
1 are investigated. Fig. 4 illustrates the detailed schematics of the present strut unit cell showing its octet
and cubic parts. The octet struts are assumed to be pin-jointed at points labeled O 0 and P. The cubic struts
are connected to the octet lattice at pin-joint P while they are ﬁxed at O or the origin of the cubic lattice.
The length O 0P of struts in the octet lattice is Loct ¼ ﬃﬃﬃ2p L, while the length OP of struts in the regular cubic
lattice is Lcub = L. For the lattice plate composed of short struts, the aspect ratio of the octet struts is kept
ﬁxed at Loct/aoct = 10 while that of cubic struts is varied such that Lcub=acub ¼ 10= ﬃﬃﬃﬃﬃ2gp . All cubic struts, despite
their low values of the strengthening ratios are considered short in terms of the critical slenderness ratio. As for
the combined slender and short strutted lattice, the octet struts’ aspect ratio is ﬁxed at Loct/aoct = 25 and thatFig. 3. Truss beams made up of struts with diﬀerent strengthening ratios for short strutted lattice.
Fig. 4. Schematic of octetruss and cubic truss showing geometric details of the truss lattice.
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diﬀerent lattice slenderness situations: slender octetruss, combined slender (octetruss) and short (cubic truss)
lattice, and slender octet and cubic lattices.
Each strut is modeled as an elasto rigid-plastic material with the following constitutive law:e
es
¼ r
rs
for r 6 rs ð2aÞ
r ¼ rs for r > rs ð2bÞ
where es is the yield strain of the solid struts. For the present strut lattice rs = 170 MPa, and es = 0.00243. The
Young’s modulus Es and elastic Poisson’s ratio ms of the struts are Es = 70 GPa and ms = 0.29, respectively.
The critical slenderness ratio for elastic buckling of this material is ks  64. The mass density of the solid struts
is qs = 2700 kg/m
3. The above properties can easily be adapted to any material that exhibits negligible strain
hardening.
Conceptually, we view the strut lattice as a composite structure where a regular repeating microstructure or
the smallest periodic unit containing the contribution of individual struts to the overall response is taken as the
representative volume element. The macroscopic stress and strain tensors of the entire composite are taken as
volume averages of the corresponding quantities of this element. That is, at the macroscopic scale, it is possible
to treat the strut lattice as a continuous solid whose constitutive response is characterized by a mechanically
equivalent unit cell with the same volume fraction as the bulk structure. The analytical methodology is estab-
lished keeping in mind that the strut cell contains two constituting lattices: octahedral and cubic lattices. Due
to their pin–pin connections, the octet struts can only support longitudinal loads and are free to rotate with no
possibility of bending. For the cubic lattice, the pin–ﬁxed connections allow cubic struts to support axial loads
in addition to microscopic reaction moments and transverse loads. In what follows, the unidirectional micro-
scopic axial and bending stiﬀnesses of the strut unit cell are presented. Note that for the octetruss, there are six
n = 6 groups of parallel struts deﬁning directions along which external loads are carried by the stretching of
struts. Each group of struts forms a unidirectional continuum that possesses only one non-zero equivalent
stretching stiﬀness in the local longitudinal direction. For a pinned linear elastic truss of length l subjected
to a normal force N, the axial displacement u is given as u = (l/EA)N, where E and A are the strut’s Young’s
modulus and cross-sectional area, respectively. The quantity EA/l is the axial stiﬀness. For the nth group of
struts, the microscopic equivalent stretching modulus ðcoctSt Þn obtained by projecting the axial stiﬀness to the
local longitudinal direction of the strut is then given byðcoctSt Þn ¼
2pEsﬃﬃﬃ
2
p a
oct
Loct
 2
ð3ÞThe subscript ‘‘St’’ denotes the stretching deformation mode. For the cubic truss, there are two n = 2 groups
of parallel directions that carry both axial and bending loads. Similarly as for the octetruss, for the nth group
of struts, the microscopic equivalent stretching modulus ðccubSt Þn of the cubic truss is given byðccubSt Þn ¼ 2pEsg
aoct
Loct
 2
ð4ÞThe microscopic bending stiﬀness of groups of parallel directions in the cubic lattice is composed of two
components, namely; (1) bending stiﬀness due to struts that deform like Bernoulli–Euler beams where deﬂec-
tions depend on bending moments and (2) bending stiﬀness due to struts that behave like Timoshenko beams
whose deformation depends on transverse loads. For a built-in linear elastic strut of length l subjected to a
transverse force T, the transverse displacement v is given as v = (l3/3EI + kl/GA)T, where k and G are the
cross-section form factor and shear modulus, respectively. Here (l3/3EI + kL/GA)1 is the bending stiﬀness.
Projecting the bending stiﬀness to the local direction and for the nth group of struts, it follows that the equiv-
alent microscopic bending modulus ðccubBe Þn is given by:ðccubBe Þn ¼
1
3Espg2
Loct
aoct
 4
þ kð1þ msÞ
Espg
Loct
aoct
 2" #1
ð5Þ
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that p(acub)4/4 = Icub and the fact that Es/2(1 + m) = Gs. The factor k for a circular cross-section is equal to
k = 1.11. The mass density of the strut unit cell qt is obtained as follows:qt ¼ qs
X
n
vn ð6Þwhere vn is the volume fraction of all groups of parallel struts. The above equation can be simpliﬁed by noting
that the unidirectional equivalent stretching modulus is a volume average of moduli of all groups of parallel
struts or (cSt)n = Esvn. Thus, for the present strut lattice, we can writeqt ¼
qs
Es
X
n
coctSt
 
n
þ qs
Es
X
n
ccubSt
 
n
ð7Þrecalling that the octetruss has six groups of parallel members while the cubic truss has two such groups, the
above equation can be solved to obtain the relative mass density q* = qt/qsq ¼ 6pð
ﬃﬃﬃ
2
p
þ gÞ a
oct
Loct
 2
ð8ÞMacroscopic stiﬀness for a strut lattice is obtained by transforming a summed contribution of microscopic
unidirectional stiﬀnesses of all constituting struts in the space-ﬁlling truss system with respect to the global
Cartesian coordinate system. For the octetruss, the macroscopic stiﬀness matrix ðc^octSt Þijkl is obtained by trans-
forming and adding up microscopic stiﬀnesses of each of the six groups of parallel membersc^octSt
 
ijkl
¼
X
n
ðcoctSt ÞnðaiajakalÞn ð9ÞHere, ai are the direction cosines deﬁning the orientation of the longitudinal axis of the struts relative to each
of the global coordinate axes (X, Y, Z). Similarly, the macroscopic stiﬀness matrix for the cubic truss lattice
ðc^cubÞijkl can be obtained with its stretching and bending contributions, respectivelyc^cubSt
 
ijkl
¼
X
n
ðccubSt ÞnðaiajakalÞn ð10aÞ
c^cubBe
 
ijkl
¼
X
n
ðccubBe ÞnðbibjbkblÞn ð10bÞHere, bi are the direction cosines between the transverse axis of the struts and each of the global coordinate
axis. The macroscopic linear elastic constitutive equation for a strut lattice is then given as follows:Rij ¼ c^octSt
 
ijkl
þ c^cubSt
 
ijkl
þ c^cubBe
 
ijkl
h i
Ekl ð11aÞ
Eij ¼ c^octSt
 
ijkl
þ c^cubSt
 
ijkl
þ c^cubBe
 
ijkl
h i1
Rkl ð11bÞwhere Rij and Ekl are the second-order macroscopic stress and strain tensors of the strut lattice respectively.
The fourth order tensors ðc^octSt Þijkl þ ðc^cubSt Þijkl þ ðc^cubBe Þijkl ¼ c^ijkl and ½ðc^octSt Þijkl þ ðc^cubSt Þijkl þ ðc^cubBe Þijkl1 ¼ s^ijkl are
the stiﬀness and compliance matrices, respectively. For the present analysis, it is convenient to use a compact
form which takes advantage of cubic symmetry arguments. That is, the stiﬀness matrix c^ijkl which has 81 inde-
pendent constants is reduced into a compact stiﬀness matrix bCij with 21 independent constants, so thatRi ¼ bCijEj ð12Þ
where Ri and Ej are the independent six components of stress and strain. We can also write Ei ¼ bS ijRj, wherebS ij ¼ bC1ij is the compact compliance tensor. Particularly, each pair of the subscripts in the tensor equations
can be substituted with a single subscript in the compact form such that 1M 11 2M 22 3M 33 4M 23 5M 13
6M 12. For instance, the coeﬃcient for the shearing stiﬀness is given asðbCStÞ44 ¼ ðc^StÞ2323 ¼X
n
ðcStÞnða2a3a2a3Þn ð13Þ
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cients. Solving the above stiﬀness equations, we obtain for our strut latticeRXX
RYY
RZZ
RYZ
RXZ
RXY
8>>>>>><>>>>>:
9>>>>>>=>>>>>;
¼
ABþ C A A 0 0 0
A ABþ C A 0 0 0
A A ABþ C 0 0 0
0 0 0 Aþ C 0 0
0 0 0 0 Aþ C 0
0 0 0 0 0 Aþ C
266666666664
377777777775
EXX
EYY
EZZ
EYZ
EXZ
EXY
8>>>>>><>>>>>:
9>>>>>>=>>>>>;
ð14Þwhere the quantities A, B, and C are given as follows:A ¼ pEsﬃﬃﬃ
2
p a
oct
Loct
 2
ð15aÞ
B ¼ 2þ 2
ﬃﬃﬃ
2
p
g ð15bÞ
C ¼ 2pEs 1
3g2
Loct
aoct
 4
þ kð1þ tsÞ
g
Loct
aoct
 2" #1
ð15cÞThe compliance matrix bS ij which is obtained as the inverse of the stiﬀness matrix is given bybS ij ¼
bS 11 bS 12 bS 12 0 0 0
bS 12 bS 11 bS 12 0 0 0
bS 12 bS 12 bS 11 0 0 0
0 0 0 bS 44 0 0
0 0 0 0 bS 44 0
0 0 0 0 0 bS 44
266666666664
377777777775
ð16Þwhere longitudinal ðbS 11; bS 12Þ and shear bS 12 compliances are given by
S11 ¼ Aþ ABþ C
C2 þ AC þ 2ABC þ A2B2 þ A2B 2A2 ð17aÞ
S12 ¼ A
C2 þ AC þ 2ABC þ A2B2 þ A2B 2A2 ð17bÞ
S44 ¼ 2
2Aþ C ð17cÞThis completes our derivation of the elastic constitutive model of the present strut material. In the next sec-
tion, the failure phenomenology of the material is determined.
3. Failure phenomenology
The failure of the strut lattice is governed by either plastic yield or elastic buckling at the level of struts or
the microscopic yield and elastic buckling within the truss lattice depending on strengthening and slenderness
ratios of constituting struts. Due to the omni-directional nature of the strut-based structure, we can deﬁne a
failure criterion such that failure occurs if any strut or groups of struts within the lattice fail(s). When initial
failure occurs, the load–displacement curve will deviate from linearity in the present case where struts deform
in a linear elastic manner during the early deformation stages. In what follows, we use two diﬀerent
approaches to analyze the failure phenomenology: (1) we utilize ﬁnite element analysis to observe the strut-
level failure mechanisms; (2) we derive the theoretical failure envelopes using micromechanical analysis at
the level of struts.
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The ﬁnite element code used in the study is ABAQUS/standard 6.4-1 (HKS, 2003). Some of the features of
the ﬁnite element model we employed are: (a) spatial discretization of struts with one three-noded quadratic
beam element; (b) beam material represented by an elasto rigid plastic constitutive model in Eq. (2); (c) with
the exception of the loading direction, all degrees of freedom are constrained at the vertices to prevent rigid
body rotation of the truss lattice; (d) quasi-static proportional displacements with 200 static steps are applied
at the restrained vertices; and (e) the following loading directions were investigated: DXX/DYY, DXY/DYY = 0,
±0.1, ±0.5, ±0.7, ±1, ±1.5, ±2, ±2.4, 1, where DXX, DYY, DXY denote the applied longitudinal and shear
displacements corresponding to the resulting normal and transverse forces PXX, PYY, PXY, respectively.
Our choice of biaxial loading is guided by the fact that the strut unit cell possesses cubic symmetry. That
is, it is enough to consider only two stress spaces, namely normal–normal stress interactions: RXX  RYY 
RYY  RZZ  RXX  RZZ and shear-normal stress interactions: RXY  RYY  RYZ  RZZ  RZX  RXX. Next,
we summarize some of the ﬁnite element observations for three diﬀerent cases of lattice slenderness, namely:
short strutted lattice (both octet and cubic struts are short); slender and short strutted lattice (octet struts are
slender while cubic struts are short); and slender strutted lattice (both octet and cubic struts are slender).
3.1.1. Short strutted lattice
Longitudinal bC11 and shear bC44 moduli obtained from ﬁnite element analysis and the constitutive theory of
Eq. (14) are compared in Table 1 for diﬀerent values of the strengthening ratio in the case of the short strutted
lattice. It can be seen from the table that the ﬁnite element moduli as functions of g are rather equal to those
predicted by the theory. This fully veriﬁes our theoretical constitutive model presented in the previous section.
Fig. 5 illustrates plots of the Mises stress* during cubic failure of the short strutted lattice under biaxial lon-
gitudinal loading. (Aside: The Mises stress distribution in struts is better viewed in color. The color red denotes
the case when the Mises stress within the strut is greater than the yield strength or rP rs. For the black and
white version, the yielded cubic struts are labeled with a single hatch ‘‘/’’, while the yielded octet struts are
labeled with double hatch ‘‘//’’.) Initial failure of the strut lattice at diﬀerent loading directions is characterized
by the plastic yield of some pairs of cubic struts while other cubic struts and all octet struts continue to deform
elastically. This is so, except for the special case of equi compression–compression and equi tension–tension
loading or DXX/DYY = 1; where pairs of cubic and octet struts lying in the XY plane undergo plastic yield
at the same time. For the equi tension–compression and equi compression–tension loading or DXX/DYY = 1;
the two pairs of cubic struts orientated along the X- and Y-directions undergo plastic yield while none of the
octet struts yield. For unidirectional loading or DXX/DYY = 0, 1, only a pair of cubic struts parallel to the
loading direction yields. When the applied loads are increased, yield of the octet struts takes place. For equi
compression–compression and equi tension–tension loading, pairs of octet struts lying along the XY plane
undergo plastic yield as already established above. For equi tension–compression and equi compression–
tension loading; pairs of octet struts lying along the ZX and ZY planes undergo plastic yield. For general
longitudinal loading directions or DXX/DYY5 ±1,0,1; only a pair of cubic or octet struts undergo plastic
yield depending on the dominance of either DXX or DYY displacements. In the case of shear-normal loadingTable 1
A table of longitudinal and shear moduli of short strutted lattice for diﬀerent strengthening ratios illustrating the closeness of theory and
ﬁnite element data
g Theory bC11 ðGPaÞ FEA bC11 ðGPaÞ Theory bC44 ðGPaÞ FEA bC44 ðGPaÞ
0 2.07 2.05 1.56 1.59
0.25 3.38 3.41 1.56 1.51
0.5 4.64 4.68 1.57 1.52
1 7.11 7.16 1.62 1.54
Fig. 5. Mises stress plots from ﬁnite element simulation during cubic failure (struts labeled with ‘‘j’’) of the strut lattice under biaxial
longitudinal loading. Notice that for DXX/DYY = 1 that both the cubic and octet struts lying along the XY plane undergo plastic yield at the
same time (octet yield is denoted by ‘‘k’’), while for DXX/DYY = 1 all cubic struts lying in the XY plane yield.
M. Doyoyo, J.W. Hu / International Journal of Solids and Structures 43 (2006) 6115–6139 6123or DXY/DYY, we observe that pairs of octet and cubic struts yield at the same time with each speciﬁc mode
depending on the dominance of either longitudinal or transverse displacements as illustrated in Fig. 6.
3.1.2. Slender and short strutted lattice
This is the case when the octet struts are slender while the cubic struts are short as deﬁned by the critical
slenderness ratio for elastic buckling. The Mises plots during failure are presented in Fig. 7(a) and (b) under
biaxial longitudinal loading and shear-longitudinal loading, respectively. Only two cases of the strengthening
ratio are considered, namely: minimum (g = 0) and maximum (g = 1) strengthening. For the case of mini-
mum-strengthening under biaxial longitudinal loading, global elastic buckling of pair(s) of octet struts occur
under compression–compression and tension–compression loading, while plastic yield of pair(s) of octet struts
occur under tension–tension loading with the exception of a small tension–tension regime in the neighborhood
of unidirectional loading (global buckling will be labeled ‘‘i’’ in general; see Fig. 7(a) for this particular case).
For the maximum-strengthened lattice under longitudinal biaxial loading, global elastic buckling of pair(s) of
octet struts occurs under compression–compression and tension–compression loading followed by the plastic
yield of cubic struts (see Fig. 7(a)). A special case is that of equi compression–compression loading where both
the octet and cubic struts buckle and yield at the same time. In the case of tension–tension loading, only plastic
yielding of either octet or cubic struts is observed. For minimum-strengthening under shear-normal loading,
local elastic buckling of pair(s) of octet struts occur under shear-compressive loading, while plastic yield of
octet struts occur under mainly shear-tensile loading (local buckling will in general be labeled ‘‘ii’’, see
Fig. 7(b) for this case). However, under simple shear loading and a small loading regime in the neighborhood
of simple shear, global buckling of a pair of octet struts occurs (see Fig. 6). Under shear-longitudinal loading
Fig. 6. Mises stress plots during octet failure that occurs with continued loading after cubic failure. Once again, yielded octet struts are
denoted by ‘‘k’’ while yielded cubic struts are denoted by ‘‘j’’.
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case.
3.1.3. Slender strutted lattice
This is the case when both cubic and octet struts are slender while also possessing equal elastic buckling
stresses and a strengthening ratio equal to g = 0.25. Their failure modes under biaxial longitudinal loading
are shown in Fig. 7(c) through the Mises plots of the deformed lattice. Under biaxial longitudinal loading,
global buckling of cubic struts occur under compression–compression loading and a larger part of the ten-
sion–compression loading regimes. However, plastic yield of cubic struts occur under tension–tension loading
and a small part of the tension–compression loading regimes. A special case of global buckling occurs under
equi compression–compression loading when both octet and cubic struts undergo global buckling at the same
time (see the case DXX/DYY = 1 in Fig. 7(c)). As for the shear-longitudinal loading case, plastic yield of a com-
bination of pairs of octet and cubic struts occur and no buckling is observed for this case.
Fig. 7. Buckling of the truss lattice: (a) global buckling (denoted by ‘‘i’’) of octet struts for slender (octet) and short (cubic) strutted lattice
followed by cubic yield (denoted as ‘‘j’’) under longitudinal biaxial loading; (b) local buckling (denoted by ‘‘ii’’) of octet struts for slender
(octet) and short (cubic) strutted lattice under shear-longitudinal loading followed by cubic yield; and (c) global buckling of cubic and
octet struts for slender strutted lattice under longitudinal biaxial loading; no buckling is observed at all for shear-normal loading in this
case.
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The ﬁnite element observations of the previous section illustrate the complexities of the failure modes. In
what follows, we evaluate the theoretical failure envelopes under biaxial longitudinal loading and longitudi-
nal-shear loading for short and slender strutted lattices. Please note a basic assumption about the failure of
cubic struts: if the struts were considered thick, failure of the cubic struts could occur at O due to the combined
eﬀects of shear stresses and reaction moments. However, for thinner struts that characterize the responses of
practical sandwich strut cores, then this type of failure can be neglected without loss of accuracy. However,
our failure analysis will be pursued keeping this in mind. The failure phenomenology is described in terms
of the local longitudinal strain acting on the strut as follows: for the short-strutted lattice, if the local
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failure occurs, and the constitutive model for the truss lattice is given by Eq. (14) as Ri ¼ bCijEj. On the other
hand, if the longitudinal strain in any pair(s) of cubic struts is ecub = es, then cubic failure occurs and the
macroscopic failure stress ﬁeld RðcubÞYi at this point is given byRðcubÞYi ¼ bCijEðcubÞYj ð18aÞ
where EðcubÞYj is the macroscopic strain ﬁeld at the cubic failure point. For the post-cubic yield case or e
cub > es,
we assume that the constitutive model takes the formRi ¼ RðcubÞY

i þ bCoctij Ej ð18bÞ
where RðcubÞY

i is the macroscopic stress ﬁeld representing the plastic and elastic* contribution of cubic struts to
the overall macroscopic stress in the post-cubic failure case and bCoctij is the stiﬀness of the octetruss. (*Note
that not all cubic struts yield at the same time at all times, so that while some cubic struts behave plastically
others behave elastically.) This assumed failure phenomenology relies heavily on the assumption of elastic
rigid-plastic behavior at the strut level. At the same time, the tensor RðcubÞY

i is not easily determined for general
loading situations. It can be obtained for some speciﬁc loading conditions where the yield point can be readily
evaluated such as: (1) equibiaxial longitudinal loading (all cubic struts lying along the XY plane yield), (2) uni-
directional loading (a pair of cubic struts parallel to the unidirectional load yield), (3) and simple shear loading
(all octet and cubic struts lying along the shear plane yield). Thus, for these three cases, we will assume that
RðcubÞY

i  RðcubÞYi . Octet failure occurs when the longitudinal strain in any pair(s) of the octet struts is equal to
the yield strain of the strut or eoct = es, then the macroscopic failure stress ﬁeld R
ðoctÞY
i at this point is given byRðoctÞYi ¼ RðcubÞY

i þ bCoctij EðoctÞYj ð18cÞ
where EðoctÞYj is the macroscopic strain ﬁeld at the octet failure point. When e
oct > es, most struts in the lattice
would have undergone plastic yield, eventually leading to a non-linear mechanical response of the whole lat-
tice. In this paper, we do not analyze such a case; although it would have to be evaluated to understand the
energy absorption capabilities of the present strut lattice. As for the slender and short strutted lattice, we em-
ploy the same failure phenomenology as described above with plastic yielding replaced by elastic buckling.
The above discussions deﬁne our approach to evaluate the theoretical failure envelopes for the strut lattice.
We will determine failure strains under a prescribed stress state. Since we are only interested in plane stress
failure surfaces, we will only determine yield points under equibiaxial longitudinal loading, simple shear load-
ing, and unidirectional loading. The failure surfaces should then pass through these points. That is, for a given
applied biaxial force ﬁeld (combinations of PXX, PYY, PXY), the problem reduces into determining the failure
displacements, namely DfXX ; D
f
YY ; D
f
ZZ ; D
f
XY ; D
f
XZ ; D
f
YZ and hence the macroscopic failure strains E
f
ij ¼ Dfij=L, i,
j = X, Y, Z or EfXX ; E
f
YY ; E
f
ZZ ; E
f
XY ; E
f
XZ ; E
f
YZ that are then substituted into the constitutive model in Eq. (18)
to obtain the corresponding macroscopic failure stresses.
3.2.1. Short strutted lattice
The relations between force and displacement for given degrees of freedom (DOF) along the global axes can
be obtained using Maxwell’s reciprocal theorem (Maxwell, 1864) and the transformation tensor. For the three
DOF involving only longitudinal displacements, it can be shown that the force–displacement relation for the
combined octetruss and cubic truss is given byEsA
oct
Loct
2 1 1
1 2 1
1 1 2
0B@
1CAþ ﬃﬃﬃ2p EsAoctg
Loct
1 0 0
0 1 0
0 0 1
0B@
1CA
264
375 DXXDYY
DZZ
8><>:
9>=>; ¼
PXX
PYY
PZZ
8><>:
9>=>; ð19ÞWe now proceed to solve for the failure displacements and hence macroscopic failure strains for equi ten-
sion–tension or equi compression–compression case (PXX/PYY = 1); equi tension–compression or equi com-
pression–tension case (PXX/PYY = 1); and unidirectional case (PXX/PYY = 0,1). For the present problem
involving plane stress loading conditions with PZZ = 0, Eq. (19) becomes
Fig. 8.
directi
envelop
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ﬃﬃﬃ
2
p
gÞDXX þ DYY þ DZZ ¼ PXXL
oct
EsA
oct ð20aÞ
DXX þ ð2þ
ﬃﬃﬃ
2
p
gÞDYY þ DZZ ¼ PYY L
oct
EsA
oct ð20bÞ
DXX þ DYY þ ð2þ
ﬃﬃﬃ
2
p
gÞDZZ ¼ 0 ð20cÞFor the equi tension–tension case or PXX/PYY = 1, we obtain the following displacement relations by solv-
ing Eq. (20): DXX/DYY = 1 and DZZ ¼ DXX=ð1þ
ﬃﬃﬃ
2
p
g=2Þ. The applied biaxial force ﬁeld at yield
P fXX ¼ P fYY ¼ P s results in the corresponding yield displacements DfXX ¼ DfYY ¼ Ds ¼ esL ¼ rsL=Es and
DfZZ ¼ Ds=ð1þ
ﬃﬃﬃ
2
p
g=2Þ. Therefore, the macroscopic strains at yield for the case DXX/DYY = 1 are
EfXX ¼ es; EfYY ¼ es, and EfZZ ¼ es=ð1þ
ﬃﬃﬃ
2
p
g=2Þ. Substituting the above strains in the constitutive relation
in Eq. (18b), we obtain the yield point A (see Fig. 8) under equi tension–tension or equi compression–com-
pression loadingRAXX ¼ RAYY
¼ pﬃﬃﬃ
2
p 3 2
2þ ﬃﬃﬃ2p g
 
aoct
Loct
 2
þ 2pg a
oct
Loct
 2
þ 2p 1
3g2
Loct
aoct
 4
þ kð1þ tsÞ
g
Loct
aoct
 2( )124 35rs ð21Þ
Note in Fig. 8 that the cubic and octet failure surfaces intersect at A as expected. (Recall that this loading
condition denotes the case when pairs of octet and cubic struts parallel to the XY plane undergo plastic yield
at the same time). For the case of equi tension–compression or equi compression–tension loading, that is
PXX/PYY = 1, we obtain the following displacement relations by solving Eq. (20): DXX = DYY
and DZZ = 0. The applied biaxial force ﬁeld at yield, P
f
XX ¼ P fYY ¼ P s results in the corresponding yieldA
Boct
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A representative graph of typical failure modes for the strut lattice showing diﬀerent intersection points lying along speciﬁc loading
ons, namely; RXX/RYY = ±1,0,1. The dashed surface denotes cubic failure envelope while the solid line denotes octet failure
e.
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EfZZ ¼ 0. Substituting the above strains into the constitutive equation in Eq. (18b), we obtain the cubic yield
point Bcub (see Fig. 8) along PXX/PYY = 1RBðcubÞXX ¼ RBðcubÞYY ¼
pﬃﬃﬃ
2
p a
oct
Loct
 2
þ 2pg a
oct
Loct
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þ 2p 1
3g2
Loct
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 4
þ kð1þ tsÞ
g
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 2( )124 35rs ð22Þ
Larger forces have to be applied for the octet struts to undergo plastic yield along PXX/PYY = 1. From
compatibility, the relations DXX = DYY and DZZ = 0 still hold in the post-cubic yield case. If Doct represents
the total local displacement acting on the octet strut, then it can easily be shown from geometry arguments
that Doct ¼ ﬃﬃﬃ2p DYY =2 ¼  ﬃﬃﬃ2p DXX=2. Thus, the total local strain acting within the octet strut is
eoct ¼ Doct= ﬃﬃﬃ2p L ¼ DYY =2L. Plastic yield of the octet struts occurs when eoct = es, thus the displacement during
octet yielding are given as DfXX ¼ DfYY ¼ 2esL ¼ 2Ds and DfZZ ¼ 0. That is, the applied force ﬁeld
P fXX ¼ P fYY ¼ P cubs þ P octs when the octet struts yield generates macroscopic yield strains given by:
EfXX ¼ EfYY ¼ 2es and EfZZ ¼ 0. Substituting these failure strains in the post-cubic failure constitutive model
of Eq. (18c), we obtain the octet yield point Boct (see Fig. 8) along PXX/PYY = 1RBðoctÞXX ¼ RBðoctÞYY ¼
2pﬃﬃﬃ
2
p a
oct
Loct
 2
þ 2pg a
oct
Loct
 2
þ 2p 1
3g2
Loct
aoct
 4
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g
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 2( )124 35rs ð23Þ
For unidirectional loading, for example PXX/PYY = 0 and PZZ = 0, Eq. (19) becomesð2þ
ﬃﬃﬃ
2
p
gÞDXX þ DYY þ DZZ ¼ 0 ð24aÞ
DXX þ ð2þ
ﬃﬃﬃ
2
p
gÞDYY þ DZZ ¼ PYY L
oct
EsA
oct ð24bÞ
DXX þ DYY þ ð2þ
ﬃﬃﬃ
2
p
gÞDZZ ¼ 0 ð24cÞsolving the above equation for displacements, we obtain DXX = DZZ and DYY ¼ ð3þ
ﬃﬃﬃ
2
p
gÞDXX . Using argu-
ments similar to the equi tension–compression case, a unidirectional load at yield P fYY ¼ P s results in the fol-
lowing displacement ﬁeld: DfYY ¼ 3Ds and DfYY ¼ DfXX ¼ 3Ds=ð3þ
ﬃﬃﬃ
2
p
gÞ at the point of octet yield; so that the
corresponding macroscopic failure strains for this unidirectional loading case are EfYY ¼ 3es and
EfZZ ¼ EfXX ¼ 3es=ð3þ
ﬃﬃﬃ
2
p
gÞ. Substituting the above strains in the post-cubic yield constitutive model of
Eq. (18c), we obtain the unidirectional octet yield point C (see Fig. 8)RCYY ¼
2pﬃﬃﬃ
2
p 3 2
2þ ﬃﬃﬃ2p g
 
aoct
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g
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Note that it can also be shown that RCXX ¼ 0 and that the other unidirectional loading directions (including
PXX/PYY =1) posses the same magnitude of the yield stress. Based on failure data collected from ﬁnite ele-
ment analysis, we assume that the yield envelopes for the biaxial longitudinal loading case are enclosed by lin-
ear functions in stress space passing through the stress points evaluated in the previous paragraphs and also
schematically presented in Fig. 8. We also introduce a new coordinate axis, namely the X 0Y 0-axis. This axis is
orientated at h ¼ tan1ðRAYY =RAXX Þ ¼ p=4 relative to the XY-axis. The schematic shows that the yield envelopes
for cubic and octet failure are symmetric with respect to the X 0Y 0-axis. The cubic yield envelope involving plas-
tic yield of cubic struts is given byR0XXﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RAXX
 2 þ RAYY 2q 
R0YYﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RBðcubÞXX
 2
þ RBðcubÞYY
 2r ¼ 1 ð26ÞThe above equation could easily have been simpliﬁed by noting that RAXX ¼ RAYY and RBðcubÞXX ¼ RBðcubÞYY as pre-
sented in Eqs. (21) and (22), respectively. However, we decide not to simplify as the form of Eq. (26) could
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stresses in the X 0Y 0 plane are related to those in the XY plane through the rotation angle h such thatR0XX
R0YY
 
¼ cos h sin h sin h cos h
 
RXX
RYY
 
ð27ÞTherefore, the yield envelope for cubic failure in the X–Y plane is given byRXX þ RYYﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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 2r ¼  ﬃﬃﬃ2p ð28ÞThe above equation denotes four diﬀerent modes of initial failure in RYY  RXX stress space as shown sche-
matically in Fig. 8. Several modes of failure are identiﬁed when the octet struts undergo plastic yield. The 1st
and 3rd modes of octet failure shown in Fig. 8 are given byRXX þ RYYﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RAXX
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p
ð29ÞThe 2nd and 4th modes for octet failure also shown schematically in Fig. 8 are given byRYY ¼ R
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YY  RCYY
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RXX ¼ R
C
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 !
RYY  RCYY ð31ÞFor the DOF involving a state of only transverse displacements, it can be shown by applying Maxwell’s
reciprocal theorem and the transformation matrix that the force–displacement relations are given byEs
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9>=>; ð32ÞFor the case of shear loading in one direction, that is PXY, PYZ = PXZ = 0, it follows from Eq. (32) that the
only non-vanishing displacement is DXY, while DYZ = DXZ = 0. Once again, suppose that D
oct denotes the total
local displacement of the octet strut. From geometry arguments it follows that DXY ¼
ﬃﬃﬃ
2
p
Doct and the strain in
the octet strut is given by eoct ¼ Doct= ﬃﬃﬃ2p L. When yield of the octet strut occurs at eoct = es, then the corre-
sponding yield displacement in the octet strut is Ds ¼ es
ﬃﬃﬃ
2
p
L. Thus the macroscopic transverse displacements
at the yield point are DfXY ¼ 2esL, DfYZ ¼ DfXZ ¼ 0 and the macroscopic yield strains are EfXY ¼ 2es,
EfYZ ¼ EfXZ ¼ 0. Substituting the above strains in the constitutive model of Eq. (18b), we obtainRCXY ¼
2pﬃﬃﬃ
2
p a
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From the behavior of the data in ﬁnite element simulation, we assume a parabolic yield envelope in
RXY  RXX space, given byRXY ¼  R
C
XY
RCYY
 2 RXX  RCYY  RXX þ RCYY  ð34ÞFigs. 9–12 show the comparison of the above theoretical failure envelopes to the numerical failure data
obtained from ﬁnite element analysis for the short-strutted lattice. Also shown in the ﬁgures are the schematics
of the diﬀerent modes of strut-level yield mechanisms, expectedly showing the dependence of the yield modes
on the state of loading. Yielded struts are denoted by dashed lines. Also note that the general trend of yield
failure is the same in the shear-normal stress space irrespective of the strengthening ratio. Observe that the
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Fig. 9. Comparison of theoretical yield envelopes with numerical data for short-strutted lattice with g = 0: (a) in biaxial longitudinal
loading space and (b) in shear-longitudinal loading space.
6130 M. Doyoyo, J.W. Hu / International Journal of Solids and Structures 43 (2006) 6115–6139strengthening ratio does inﬂuence the shear strength: the shear strength increases by about a factor of 2 in the
range 0 6 g 6 1. However, in the same normal-shear space, it can be seen that the longitudinal strength
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Fig. 10. Comparison of theoretical yield envelopes for octet and cubic failure with numerical data for short-strutted lattice with g = 0.25:
(a) in biaxial longitudinal loading space and (b) in shear-longitudinal loading space.
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Fig. 11. Comparison of theoretical yield envelopes for octet and cubic failure with numerical data for short-strutted lattice with g = 0.5:
(a) in biaxial longitudinal loading space and (b) in shear-longitudinal loading space.
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Fig. 12. Comparison of theoretical yield envelopes for octet and cubic failure with numerical data for short-strutted lattice with g = 1:
(a) in biaxial longitudinal loading space and (b) in shear-longitudinal loading space.
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6134 M. Doyoyo, J.W. Hu / International Journal of Solids and Structures 43 (2006) 6115–6139remains almost the same over the range 0 6 g 6 1. In order to provide a better qualitative comparison, we
recall that the relative density also increases with the strengthening ratio. That is, in eﬀect, we can conclude
that the strengthened conﬁguration, though it might increase the shear properties, does in fact lower the lon-
gitudinal yield strength. In the case of biaxial longitudinal loading, we observe that both the cubic and octet
yield envelopes are anisotropic, while they do in fact intersect along RXX = RYY. Again, the magnitudes of the
failure loads increase with the strengthening ratio.
3.2.2. Slender and short strutted lattices
Slender struts are expected to fail by elastic buckling in deformation regimes dominated by compressive loads.
The critical Euler buckling load of the pinned octet struts is given by P octE ¼ p2EsIoct=ðLoctÞ2, while those of cubic
struts which are pinned at one end and then ﬁxed at the other end is given by P cubE ¼ 2p2EsIcub=ðLcubÞ2. The cor-
responding critical elastic buckling stresses for the octet and cubic struts are given by roctE ¼ p2EsðaoctÞ2=4ðLoctÞ2
and rcubE ¼ p2EsgðaoctÞ2=ðLoctÞ2, respectively. As discussed in the earlier sections, in order to investigate the slen-
der strutted lattice, both the octet and cubic slenderness ratios should be selected such that koct = 2Loct/aoctP ks
and kcub = Loct/gaoctP ks. Recall that the critical slenderness ratio for the solid struts is ks ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2Es=rs
p ¼ 64.
For the present struts, Loct ¼ 10 ﬃﬃﬃ2p mm and aoct = 0.4 mm, so that koct  71 for g = 0, kcub  35 for g = 1,
and kcub  71 for g = 0.25. That is, it is expected that for the case g = 0, octet struts will buckle; for the case
g = 1, octet struts will buckle while cubic struts will yield; and ﬁnally for the case g = 0.25, both cubic and octet
struts will buckle. Thus, we can classify two diﬀerent states of lattice slenderness based on our choice of the
strengthening ratios, namely: (1) combined slender and short strutted lattice, g = 1; and (2) slender strutted lat-
tice, g = 0.25. Note that the octetruss is not left out as it represents the special case for either state (1) or (2); and
its buckling surfaces can easily be obtained by removing the cubic truss. In what follows, we evaluate the buck-
ling envelopes for the above two cases of lattice slenderness. Elastic buckling is a type of collapse that occurs
below the yield point. That is, we can deduce the elastic buckling envelopes from the previous section by intro-
ducing the stress reduction factor R. The stress reduction factors for octet and cubic yield are given asRoct ¼ p
2ðaoctÞ2
4ðLoctÞ2
Es
rs
ð35Þ
Rcub ¼ p
2gðaoctÞ2
ðLoctÞ2
Es
rs
ð36ÞIt may be concluded from the above stress reduction factors that the octet struts are more susceptible to
elastic buckling than cubic struts. For the case g = 1, cubic yield is followed by octet buckling. We can deduce
the octet buckling point for equi compression–compression loading by introducing the stress reduction factor
into Eq. (21) obtainingRAbXX ¼ RAbYY
¼ pﬃﬃﬃ
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ð37Þand the octet buckling point for equi compression–tension loading is similarly deduced from Eq. (23) asRBbðoctÞXX ¼ RBbðoctÞYY ¼
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while the octet buckling stress for unidirectional compressive loading is also deduced from Eq. (25) byRCbYY ¼
2pﬃﬃﬃ
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action surfaces under compression–compression loadingRXX þ RYYﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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ð40Þwhile the elastic buckling modes in compression–tension stress space are given byRYY ¼ R
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Under shear-compressive loading, the octet struts collapse by local buckling rather than global buckling as
is the case under biaxial longitudinal loading. However, global buckling of the octet struts is observed under
pure shear loading. Assuming linear yield interaction surfaces, we obtain the octet buckling envelopes in
shear-normal stress space asRYY
RCbYY
 RXY
RCbXY
¼ 1 ð44Þ
RYY
RCbYY
¼ 1 ð45ÞTwo stress points are required in order to describe the elastic buckling failure of cubic truss. Slender cubic
trusses undergo global elastic buckling under biaxial longitudinal loading while they fail by plastic yield under
shear-normal loading. For equi compression–compression loading, the buckling point for the cubic struts is
given byRAbðcubÞXX ¼ RAbðcubÞYY
¼ pﬃﬃﬃ
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ð46Þand the buckling point under equi tension–compression loading is given byRBbðcubÞXX ¼ RBbðcubÞYY
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The cubic buckling interaction curves are given byRXX þ RYYﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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showing a very close prediction. The schematics of local and global buckling modes at diﬀerent loading-1.25
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Fig. 13. Failure envelopes during octet buckling for the minimum-strengthened truss lattice (dashed lines denote buckling, solid lines
denote yield): (a) global buckling under biaxial longitudinal loading, (b) local and global buckling under shear-longitudinal loading.
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Fig. 14. Failure envelopes during cubic yield followed by octet buckling for the maximum strengthened truss lattice (dashed lines denote
buckling, solid lines denote yield): (a) global buckling under biaxial longitudinal loading, (b) local and global buckling under shear-
longitudinal loading.
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not necessarily change the overall failure modes particularly for shear-normal loading. For example, for
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served in the maximum strengthening case that included the cubic truss. Also observe that for loading regimes
dominated by the shear stress that global buckling occurs under combined normal and shear loads (see
Fig. 13(b) and Fig. 14(b)).
4. Conclusions
A parametric investigation was conducted to understand the multi-axial failure of strut lattices composed
of slender and short struts. Microscopic parameters including the newly-introduced strengthening ratio and
the classical slenderness ratio at the strut level were studied for a three-dimensional Warren truss that can
be partitioned into a stretching-dominated octetruss and a combined stretching and bending-dominated cubic
truss. The theoretical failure envelopes were derived based on the micromechanics of the truss lattice at the
level of struts. The theory was compared to numerical data from ﬁnite element analysis and a close compar-
ison was obtained between the theory and numerical simulation. The failure surfaces that include plastic yield,
local and global buckling are mainly linear in biaxial longitudinal loading and shear-normal loading spaces.
The only exception is that of plastic yield under shear-normal loading where parabolic failure surfaces are
observed. The results of this study are of signiﬁcance in the design of strut lattices because both strengthening
and slenderness ratios are key design parameters for the strut lattice.
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